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Abstract
Type III unprojection plays a very important role in the birational
geometry of Fano threefolds (cf. [CPR], [Ki], [BZ]). According to [Ki]
p. 43, it was first introduced by A. Corti on his calculations of Fano
threefolds of genus 6 and 7.
It seems that at present a general definition of type III unprojection
is still missing. After proving in Section 2 some general facts about
residual ideals, we propose a definition for the generic Type III un-
projection (Definition 3.3), and prove in Theorem 3.5 that it gives a
Gorenstein ring.
1 Introduction
Unprojection is a philosophy, which aims to construct and analyse Goren-
stein rings in terms of simpler ones. Geometrically, it can be considered
as an inverse of projection, and as a method for constructing birational
contractions.
So far they have appeared at least four types of unprojection. Unpro-
jection of type Kustin–Miller (or type I) ([KM],[PR],[P]), type II ([CPR],
[P2]), type IV ([R]), and type III which is the subject of the present work.
Type III unprojection is the residual unprojection of the simplest un-
projection of type Kustin–Miller, the one of a complete intersection inside a
complete intersection ([P] Section 4). In geometry, it appears as the contrac-
tion to the ’other direction’ from the middle point of a Sarkisov link between
Fano threefolds. A geometric example is treated in [Ki] Examples 4.6 and
9.16.
The structure of the paper is as follows. In Section 2 we define the resid-
ual ideal of an unprojection of type Kustin–Miller (Definition 2.1) and prove
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some basic properties of it. In Definition 3.3 we propose a definition for the
generic type III unprojection. An important aim in the theory of unprojec-
tions is to get a Gorenstein unprojection ring, and in Theorem 3.5, which is
our main result, we give a presentation of the unprojection ring, from which
the Gorensteiness follows immediately. As mentioned in Remark 3.9 it will
be nice to have a treatment of the general Type III unprojection.
[Ki] contains more discussion about the various unprojections and their
applications to algebraic geometry.
2 Residual ideal of unprojection
Assume ID ⊂ OX is a pair of an ideal and a ring satisfying the assumptions
of [PR] Section 1. That is, OX is a local commutative Gorenstein ring, and
ID is a codimension one ideal with OX/ID Gorenstein. Moreover, we fix an
OX -regular element z ∈ ID, such that (z) 6= ID.
Definition 2.1 The residual ideal Ir of ID with respect to the element z is
the ideal
Ir = {f(z) : f ∈ HomOX (ID,OX)} ⊂ OX .
We set OD = OX/ID, Or = OX/Ir.
Remark 2.2 By the adjunction sequence of [PR] Section 1, there exists
f ∈ HomOX (ID,OX ) such that
Ir = (z, f(z)).
Lemma 2.3 The codimension of Ir in OX is one.
Proof It is enough to notice that z, f(z) is not a regular OX -sequence,
since for w ∈ ID \ (z) we have
wf(z)− zf(w) = 0.
QED
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From the definition of Ir we have
Ir = (z) : ID. (2.1)
Indeed, let f(z) ∈ Ir for some f ∈ HomOX (ID,OX). Then, for any a ∈ ID
we have
af(z) = f(az) = zf(a) ∈ (z).
Conversely, if w ∈ (z) : ID, multiplication by w/z is an element of HomOX (ID,OX )
and (w/z)z = w, so w ∈ Ir.
Since OD is Gorenstein we have more.
Proposition 2.4 The ring Or is Cohen–Macaulay, and
ID = (z) : Ir.
Proof We work over the ring OX/(z). Using (2.1) and [Ei] Theorem 21.23,
we get that Or is Cohen–Macaulay and
ID/(z) = 0: Ir/(z),
which implies ID = (z) : Ir. QED
Denote by ωr the dualizing module of the local ring Or, by
φ1 : OX → (z)
the map with φ1(a) = az, and by
φ2 : HomOX (Ir,OX)→ ID
the map with
φ2(f) = f(z).
We have a commutative diagram
0 → OX → HomOX (Ir,OX) → ωr → 0
↓ φ1 ↓ φ2 ↓ φ3
0 → (z) → ID → ID/(z) → 0
where the first row is the adjunction sequence of [PR] Section 1, and φ3 is
the induced map.
The following proposition follows immediately from Proposition 2.4.
Proposition 2.5 The vertical maps φi, i = 1, . . . , 3 in the above diagram
are isomorphisms of OX -modules.
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3 Generic type III unprojection
Fix n ≥ 1. Let Oamb be the polynomial ring Oamb = Z[aij, zj ], with 1 ≤ i ≤
n, 1 ≤ j ≤ n+ 1, M the n× n+ 1 matrix
M =


a11 . . . a1,n+1
...
...
...
an1 . . . an,n+1

 ,
and ∆1 the determinant of the submatrix of M obtained by deleting the
first column. We also set
fi(z) =
n+1∑
j=1
aijzj,
for 1 ≤ i ≤ n. Denote by IX the ideal
IX = (f1, . . . , fn) ⊂ Oamb,
by OX = Oamb/IX the quotient ring, and by ID the codimension ideal
ID = (z1, . . . , zn+1) of OX . Since both z1, . . . , zn+1 and f1, . . . fn are regular
sequences of Oamb, we have that the ideal ID of OX has codimension one.
Proposition 3.1 The residual ideal (in the sense of Definition 2.1) of ID ⊂
OX with respect to the element z1 is the ideal
Ir = (z1,∆1) ⊂ OX .
Proof It follows immediately from [P] Theorem 4.3. QED
Proposition 3.2 We have
(z1) = (z1, . . . , zn+1) ∩ (z1,∆1) ⊂ OX (3.1)
(equality of ideals of OX). Moreover, the quotient ring OX/(z1,∆1) is a
Cohen–Macaulay integral domain.
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Proof To prove (3.1) it is enough to prove the equality
(z1, f1, . . . , fn) = (z1, . . . , zn+1) ∩ (z1, f1, . . . , fn,∆1),
of ideals of Oamb.
By Cramer’s rule (cf. [P] Lemma 4.2) we have that ∆1zj ∈ (z1, f1, . . . , fn)
for 1 ≤ j ≤ n+ 1. Let
h = c∆1 ∈ (z1, . . . , zn+1) ∩ (∆1),
for an element c ∈ Oamb. Then c ∈ (z1, . . . , zn+1), therefore
(z1, f1, . . . , fn) = (z1, . . . , zn+1) ∩ (z1, f1, . . . , fn,∆1).
The fact that the quotient ring Oamb/(z1, f1, . . . , fn,∆1) is a Cohen–
Macaulay integral domain follows as in [H] Section 3 Example 4. The Cohen-
Macaulayness also follows from Proposition 2.4. QED
We denote by K(X) the quotient field of the integral domain OX , and
we set
I−1r = {f ∈ K(X) : fIr ⊂ OX}.
Definition 3.3 The generic type III unprojection of ID ⊂ OX with respect
to the element z1 is the OX -subalgebra of K(X)
OX [I
−1
r ] ⊂ K(X)
generated by I−1r .
Remark 3.4 We are extending OX by including rational functions with
denominators in Ir. Geometrically, it corresponds to ’contracting’ the codi-
mension one subscheme of X = SpecOX defined by the ideal Ir. It is inter-
esting to compare with the proof of Castelnuovo’s contractibility criterion
given in [Be] p. 20.
Using Proposition 2.5, we see that OX [I
−1
r ] is generated as an OX -algebra
by s2, . . . , sn+1 ∈ K(X), with
si =
zi
z1
.
Define the ring homomorphism
φ : Oamb[T2, . . . , Tn+1]→ K(X),
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which restricted to Oamb is the natural projection to OX , and
φ(Ti) = si,
for 1 ≤ i ≤ n+ 1. Also define polynomials fi(T ) ∈ Oamb[T1, . . . , Tn+1] by
fi(T1, . . . , Tn) =
n+1∑
j=1
aijTj ,
for 1 ≤ i ≤ n.
Our aim is to prove the following theorem.
Theorem 3.5 We have
ker φ = (zi − z1Ti, fj(1, T2, . . . , Tn+1)), (3.2)
with indices 2 ≤ i ≤ n + 1 and 1 ≤ j ≤ n. As a consequence, OX [I
−1
r ] is
isomorphic to a polynomial ring, hence it is Gorenstein.
For this, we will use the ring homomorhism
ψ : Oamb[T1, T2, . . . , Tn+1]→ OX ,
which restricted to Oamb is the natural projection to OX , and
ψ(Ti) = zi.
for 1 ≤ i ≤ n+ 1.
Remark 3.6 We remark that the equations obtained in [Ki] Example 9.16
are a specialization of those in (3.2).
The following proposition is immediate.
Proposition 3.7 We have
kerψ = (Ti − zi, fj(z)),
with indices 1 ≤ i ≤ n+ 1 and 1 ≤ j ≤ n+ 1.
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On the polynomial ring Oamb[T1, . . . , Tn+1], we put weight 0 for elements
of Oamb and 1 for the Ti.
Proposition 3.8 Denote by
J ⊂ kerψ
the biggest homogeneous ideal of Oamb[T1, . . . , Tn+1] contained in kerψ. Then
J = (ziTj − zjTi, fp(z), fp(T )),
with indices 1 ≤ i, j ≤ n+ 1 and 1 ≤ p ≤ n.
Proof
During the proof of the Proposition 3.8 we use the following notations.
We set
R1 = Oamb[T1, T2, . . . , Tn+1],
also
z = (z1, . . . , zn+1), T = (T1, . . . , Tn+1),
and
f(z) = (f1(z), . . . , fn(z)), f(T ) = (f1(T ), . . . , fn(T )).
For any i ≥ 0, by
ci = (c
1
i , . . . , c
n+1
i )
we will denote an n+ 1-tuple of elements cji ∈ R1 and similarly, by
li = (l
1
i , . . . , l
n
i )
we will denote an n-tuple of elements lji ∈ R1.
For two elements a = (a1, . . . , ap), b = (b1, . . . , bp) of (R1)
p, we set
< a, b >=
p∑
i=1
aibi.
Claim 1 We have
zkfl(T )− Tkfl(z) ∈ (ziTj − zjTi).
Indeed
zkfl(T )− Tkfl(z) =
∑
j
alj(zkTj − Tkzj).
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Claim 2 Let
h0 =< −c0, z > + < l0, f(z) >,
and for 1 ≤ i ≤ s,
hi =< −ci, z > + < ci−1, T > + < li, f(z) >,
for elements ci ∈ (R1)
n+1, li ∈ (R1)
n.
Assume h0 = · · · = hs = 0. Then
< cs, T > ∈ J.
Proof of Claim 2 by induction on s.
Assume s = 0. From h0 = 0 it follows that
n+1∑
i=1
zimi = 0.
with
mi = c
i
0 +
n∑
j=1
lj
0
aji,
for 1 ≤ i ≤ n+ 1.
Since the zi form a regular sequence, we have that (m1, . . . ,mn+1) is a
linear combination of Koszul relations Kij = (b1, . . . , bn+1), where bt = 0 for
t /∈ {i, j}, bi = zj and bj = −zi. As a consequence, < c0, T > ∈ J .
Assume now h0 = h1 = · · · = hs = 0 for s ≥ 1. By the case s = 0 we
have
h1 =< −c1, z > +u1 + u2 + u3,
where u1 is a linear combination of terms fi(z), u2 is a linear combination
of terms fi(T ), and u3 is a linear combination of term ziTj − zjTi. Since no
zi appears in fi(T ), from h1 = 0 it follows that we can assume that each
coefficient of fi(T ) is in (z1, . . . , zn+1). Using Claim 1, we can assume u2 = 0
by adding terms to u1 and u3.
Now, since u3 is a linear combination of terms ziTj−zjTi, we can change
c1 to c
′
1 in such a way that h1 =< c
′
1, z > +
∑
coefffi(z) and < c
′
1, T >=<
c1, T >. Claim 2 follows from the inductive hypothesis, since h1 has the
same form as h0.
The same arguments prove the following.
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Claim 3 Let
h0 =< c0, T > + < l0, f(z) >,
and for 1 ≤ i ≤ s
hi =< ci, T > + < −ci−1, z > + < li, f(z) > .
Assume h0 = · · · = hs = 0. Then
< cs, z > ∈ J.
We now finish the proof of Proposition 3.8.
Let h ∈ (Ti − zi, fj(z)) be a homogenous element. Write
h =
n+1∑
p=1
cp(Tp − zp) +
n∑
p=1
lpfp(z),
with
cp = cp
0
+ · · ·+ cps, l
p = lp
0
+ · · ·+ lps+1,
and each cpi , l
p
i homogeneous of degree i. Then
h = h0 + · · ·+ hs+1
is the decomposition of h into homogeneous components, with
h0 =< −c0, z > + < l0, f(z) >,
and for 1 ≤ i ≤ s
hi =< −ci, z > + < ci−1, T > + < li, f(z) >
and
hs+1 =< cs, T > + < ls+1, f(z) > .
Since h is assumed homogeneous, exactly one hq 6= 0. The result follows
from Claims 2 and 3. QED
We now give the proof of Theorem 3.5.
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Proof of Theorem 3.5
Assume h(T2, . . . , Tn+1) ∈ ker φ, with total degree (with respect to Ti)
equal to d. Set
h′(T1, . . . , Tn+1) = T
d
1 h(
T2
T1
, . . . ,
Tn+1
T1
) ∈ Oamb[T1, . . . , Tn].
We have h′ ∈ kerψ homogeneous, and the Theorem follows from Proposi-
tion 3.8. QED
Remark 3.9 A very interesting open question is to generalise Definition 3.3
and Theorem 3.5 so as to cover the general case of Type III unprojection.
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